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j^jf^ Abstract. For a broad class of Frechet-Lie supergroups Q, we prove that there exists a 

■ correspondence between positive definite smooth (resp., analytic) superfunctions on Q and 
matrix coefficients of smooth (resp., analytic) unitary representations of the Harish-Chandra 
pair (G, g) associated to Q. 

C") . As an application, we prove that a smooth positive definite superfunction on Q is analytic 

if and only if it restricts to an analytic function on the underlying manifold of Q. 

When the underlying manifold of Q is 1-connected we obtain a necessary and sufficient 

■ condition for a linear functional on the universal enveloping algebra U(gc) to correspond to 
a matrix coefficient of a unitary representation of (G, g). 

The class of Lie supergroups for which the aforementioned results hold is characterised 

■ by a condition on the convergence of the Trotter product formula. This condition is strictly 
weaker than assuming that the underlying Lie group of Q is a locally exponential Frechet-Lie 
group. In particular, our results apply to examples of interest in representation theory such 
as mapping supergroups and diffeomorphism supergroups. 



^1- 



1. Introduction 

The study of unitarizable modules of infinite-dimensional Lie superalgebras has a long 
history. Both physicists and mathematicians have obtained several interesting examples and 
classification results for these Lie superalgebras. Examples include the N = 1 and N = 2 super 
Virasoro algebras [BFD86 , |FQS85|, [GKO86], [IolOl IT0O8] . superconformal current algebras 
O '. [KaTo] . and affine Lie superalgebras [JaKaJ, [JaZh88]. 

In |CCTV| the authors initiate harmonic analysis on Lie supergroups by laying a pre- 
cise mathematical foundation to study unitary representations of finite-dimensional Lie su- 
pergroups, and use it to classify irreducible unitary representations of translation (and in 
^ particular, Poincare) Lie supergroups. Their main idea is to use the equivalence between 

the category of Lie supergroups and the category of Harish-Chandra pairs |KoB| , |KoJ] . A 
Harish-Chandra pair is a pair (G, g) where G is a Lie group, 5 = fljj ® 0T * s a Lie superalgebra, 
5q = Lie(G), and there is an adjoint action of G on g (see Definition 14. 131) . To justify the 
robustness of the category of representations of Harish-Chandra pairs, one needs a nontrivial 
stability result which, when g is a finite-dimensional Lie superalgebra, is proved in |CCTVt 
Prop. 2]. 

Several technical issues arise in the extension of the stability result of [CCTV] to the infinite- 
dimensional case. These technical issues are resolved in |MNS12j when g is a Banach-Lie 
superalgebra. Nevertheless, many infinite-dimensional Lie supergroups which are interesting 
from the point of view of representation theory, such as mapping supergroups and diffeomor- 
phism supergroups, are not Banach-Lie groups. In [NcSal2] we succeeded in extending the 
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stability theorem to Harish-Chandra pairs (G, q) where g is a Frechet-Lie superalgebra and 
G has the Trotter property, that is, for every x,y G Lie(G), 

exp(t(x + y)) = lim ( exp f— x) exp (— y)) n 

n— s>oo v n n 

holds in the sense of uniform convergence on compact subsets of R. The latter class of Harish- 
Chandra pairs is broad enough to include the examples of interest in representation theory 
(see Example I6.15p . 

Lie supergroups such as mapping and diffeomorphism supergroups are infinite dimensional 
supermanifolds modeled on Frechet spaces. In [DcMo99, Rem. 2.6], it is pointed out that 
the Berezin-Kostant-Leites theory, which defines a supermanifold as a locally ringed space, 
is not suitable in the infinite-dimensional context. Thus, infinite dimensional Lie supergroups 
should be considered as group-objects in a different category. The definition and properties of 
this category were initially outlined in a preprint by Molotkov and later studied extensively 
in Sachse's thesis [Sa09] (see [AlLal2| as well). The idea behind the definition of the latter 
category is the functor of points approach adapted to the framework of the DeWitt topology. 
In this approach, a supermanifold is uniquely determined by its A n -points, where A n denotes 
the GraBmann algebra with n generators. Therefore a supermanifold can be thought of as 
a functor T : Gr — > Man together with an atlas which is induced by a Grothendieck (pre- 
)topology on the category Man Gr . Here Gr is the category of finite-dimensional GraBmann 
algebras and Man is the category of smooth or analytic manifolds modeled on locally convex 
spaces. 

1.1. Our main results. In this article we investigate the relationship between smooth (and 
analytic) positive definite superfunctions on a (possibly infinite-dimensional) Lie supergroup 
G, unitary representations of the Harish-Chandra pair (G,q) associated to G, and positive 
linear functionals on the universal enveloping algebra U(qc). 

Our first main result (Theorem l5.12p identifies the C-superalgebra of smooth superfunctions 
on G with a natural subalgebra of Hom _ (U(qc)i C°°(G, C)). This is a well known result for 
Berezin-Kostant-Leites Lie supergroups [KoJj but its proof in the infinite dimensional setting 
requires new ideas because the supermanifold structure is not given by a sheaf of superalgebras 
anymore. Another issue in infinite dimensions is the lack of standard charts obtained by the 
exponential map. In order to prove Theorem 15. 12} we need to use several basic facts about the 
structure of infinite dimensional Lie supergroups and their left invariant differential operators. 
We were unable to find a reference for these facts and therefore we have included detailed 
proofs. The reader who is familiar with Harish-Chandra pairs but not interested in the 
technical details of the functorial approach to Lie supergroups can continue reading the paper 
from Section [U 

Our second main result (Theorem I6.16P is that a smooth (resp., analytic) positive defi- 
nite superfunction on G is the matrix coefficient of a cyclic smooth (resp., analytic) unitary 
representation of (G, q) and vice versa. This result is an extension of the well known Gelfand- 
Naimark-Segal (GNS) construction to Lie supergroups. In a sense it means that to describe 
unitary representations of Lie supergroups it is sufficient to study unitary representations of 
their Harish-Chandra pairs. From the GNS construction we also obtain the following inter- 
esting corollary (see Corollary 16. : if / is a smooth positive definite superfunction on G 
which restricts to an analytic function on the underlying Lie group Ga , then / restricts to an 
analytic function on the Lie group Ga for every A. 

Our method to prove Theorem 16.161 is similar in spirit to the classical GNS construction, 
but several technical issues arise. For instance, unlike the classical GNS construction, in 
our framework one has to work with unbounded representations of semigroups, such as the 
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"semidirect product" G x ?7(flc)> so that we are actually dealing with structures similar to 
crossed product algebras. The stability result of [NeSal2j plays a crucial role in our argument. 

Our third main result (Theorem 17. 3p is about an extension of the noncommutative moment 
problem to Lie supergroups. For an elaborate discussion of the history of the noncommutative 
moment problem see |NelH Sec. 1]. If (jr, p w ,Jf?) is an analytic unitary representation of (G, g) 
and v 6 then one can construct a C-linear map : U(gc) — > C defined by X V (D) := 

{p w (D)v,v). The noncommutative moment problem is to characterize the C-linear maps 
X v : U(gc) — > C which are obtained from unitary representations by the above construction. 
We obtain a necessary and sufficient condition when g is a Frechet-Lie superalgebra and G is 
a 1-connected Frechet BCH-Lie group. This is achieved by modifying the method of [Nell] 
using the ideas that were developed in [MNS12j . 

In future work, which will rely on this article and [NeSal2j , we will study global realizations 
of unitarizable super Virasoro algebras ([IolO]), superconformal current algebras ( [KaToj ) , and 
mapping superalgebras ( [JaZh88j ). 

1.2. Structure of this article. Section 2 will review the background material concerning 
calculus on locally convex spaces. Section 3 will review the definition of the category of 
supermanifolds. In Section 4 we show how one can associate a Harish-Chandra pair to a 
supermanifold. In Section 5 we study left invariant differential operators on Lie supergroups 
and prove Theorem 15.121 Section 6 is devoted to the GNS construction. The necessary and 
sufficient condition for integrability of functionals is proved in Section 7. 

2. Calculus on locally convex spaces 

Unless stated otherwise, all vector spaces will be over R. If E and F are vector spaces and 
m > 1 then Alt m (E, F) will denote the vector space of alternating m- linear maps / : E m — > F. 
For convenience we set Alto(E,F) := F. If E = Eq © Ej is a Z^-graded vector space, then 
the parity of a homogeneous element v £ E will be denoted by \v\ € {0,1}. 

2.1. Smooth maps between locally convex spaces. Throughout this paper, by a locally 
convex space we mean a Hausdorff locally convex topological vector space. 

We quickly review basic definitions and properties of differentiable maps between locally 
convex spaces. For further details see [Ha82| . |Mi84] . and [Ne06j . 

Definition 2.1. Let E and F be locally convex spaces and U C E be an open set. A map 
h \U F is called differentiable at p £ U if the directional derivatives 

dh(p)(v) := d v h(p) := lim -(hip + tv) — hip)) 

i->0 t 

exist for all v G E. The map h is called C 1 if it is continuous, differentiable at every p £ U, 
and the map 

dh:U x E ^ F , (p, v) i-> d v h(p) 
is continuous. If k > 1 is an integer then a continuous map h : U — > F is called C k if the limit 

d ] h{p){v u . . .,vj) := lim j (d i_1 /t(p + tVj)(vi, . . .,Vj-i) - d J ' 1 h(p)(v 1 , . . . ,Vj-i)) 

exists for every 1 < j < k and every (u, v\, . . . , Vj) G U x E 3 , and the maps 

d j h :U x E j ->■ F , (p,vi, . . . , Vj) h-> d j h(p)(vi, ... , Vj) 

are continuous. We call a map h : U —> F smooth when it is C k for every k > 1. 

Remark 2.2. The above notion of smooth maps naturally leads to smooth manifolds, Lie 
groups, etc. For more details see [G102] . 
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It is known that if h : U — > F is C k then for every p 6 £/ the map 

E k ^F , ( Vl ,...,v k ) ^d k h{p) u fc ) 

is a continuous symmetric /c-linear map. The Chain Rule holds in the following form: if i?, F, G 
are locally convex spaces, U C i£ and l^CF are open, and / : C7 — > F and 5 : V — )• G are G 1 
maps such that /(£/) C V, then g o f : U — )• G is also G 1 and 

d v (g o f)(p) = dg(f(p)) (d v f(p)) for every p £ U and every v £ E. 

The following lemma is sometimes called the Faa di Bruno formula. Its proof is by induction 
on n. We omit the proof because the argument in the locally convex setting is the same as 
the one for finite-dimensional spaces. 

Lemma 2.3. Let E and F be locally convex spaces, U C E be open, and V C W 1 be an open 
O-neighborhood. Let & n denote the collection of partitions of the set {1, ... , n}. If f : U — > F 
and g : V —> U are smooth maps then 

° JLfog( tl ,...,t n ) _ = J2 d k f(g(0,...,0))(v Al ,...,v Ak ) 



dti dt n 

where 



8 8. 
V A ■= jr -^—g(h,...,t n ) 



for every A := {ax, . . . ,a e } Q {1, . . . ,n}. 



We briefly mention the definition of analytic maps between locally convex spaces. For a 
discussion of different notions of analyticity as well as pertinent references, see [Nell[ Sec. 2]. 

Definition 2.4. Let E and F be locally convex spaces and U C E be an open set. A 
continuous map h : U — > F is called analytic if for every p £ U there exists an open 0- 
neighborhood V p in Eq := E (g^ C and continuous homogeneous polynomials h n : E — > F of 
degree n such that h(p + v) = Yl^=o h n (v) for every v E V p Pi E. 

2.2. Left invariant differential operators on Lie groups. In this paper we assume that 
all Lie groups are smooth manifolds modeled on locally convex spaces. The exponential map 
of a Lie group, if it exists, will be denoted by x 1— > e x . 

Let H be a Lie group and f) := Lie(-ff) be its Lie algebra. Assume that the exponential 
map 

f) — > H , i^e 1 

is smooth. Let U C H be open, F be a locally convex space, and h : U — > F be a smooth 
map. For every x G f) set 

L x h:U^F , L x h(g) := lim - [h(ge tx ) - h(g)) . 



Lemma 2.5. Let H be a Lie group with a smooth exponential map, F be a locally convex 
space, h : H — >• F be a smooth map, and v\,...,v n £ Lie(H). For every g £ H consider the 
map 

u g :R n ^F , Ug (h,...,t n ) := h(ge t ^+- +t ^). 

Then 

lr • • • ^b^ 1 ' • • • ' ^L..= t „=o = L ^ • • • 
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Proof. Fix xi, . . . ,x n £l and set y := Y2?=i x i v i- Consider the map 

7 : M -> H , 7(a) := ge S2/ . 
Then /i o 7(5) = u g (x\s, . . . , x n s) and therefore for every s E M we can write 

n a 
J>L Vi %e^) = L y h{ge s °y) = ^(b 7 ) 
i=l ' 



^Xi^Ugih,...,^) 



1=1 



~t \ — XiSq . .jt n — X n So 



To complete the proof we use the above relation repeatedly to compute (L y ) n h(ge s ° v ), set 
s = 0, and compare the coefficient of x% ■ ■ ■ x n on both sides. □ 

3. SUPERMANIFOLDS AS FUNCTORS 

A locally convex space E is called Z2 -graded if E = Eq © Ej where Eq and Ej are locally 
convex spaces and the direct sum decomposition of E is topological. 

Throughout this section E = Eq © Ej and F = Fq © Fj will denote Z2-graded locally 
convex spaces. 

3.1. The category Gr. Let Gr denote the category of finite-dimensional real Grafimann al- 
gebras, i.e., unital associative M-algebras A n , n > 0, generated by elements Ai,... ,X n which 
satisfy the relations AjAj + XjXi = for every 1 < i,j < n. Every A £ Gr has a canonical 
Z2~grading A := Aq © Aj , i.e., it is an associative superalgebra. The identity element of any 
A E Gr will be denoted by 1a- Given an integer n > and a set / = {ii, . . . , ii} CN where 
1 < %i < • • • < %i < n, we define Xj G A n by A/ := A^ • • • Xi r 

The morphisms between objects of Gr are homomorphisms of ^-graded unital algebras. 
For every m, n > the set of morphisms from A m into A n will be denoted by MorG r (A m , A n ). 

Observe that Ao — R and therefore for every A E Gr there exist unique morphisms e\ E 
MorG r (A, Ao) and l\ E Morc r (Ao, A). The kernel of e\ is called the augmentation ideal of A 
and will be denoted by A+. We set A± := A + n Aq . 

For every m > n > let e m ^ n E MorG r (A m , A n ) and i n ^ m E Morc r (A n , A m ) be the homomor- 
phisms uniquely identified by 



Afc if k < n, 
otherwise 



£m,n(Afc) • 

and i n ,m{Xk) ■= X k for all 1 < k < n. In particular e m)0 = e\ m and i ,m = L A r , 



3.2. The category Man Gr . Let Man denote the category of smooth manifolds modeled on 
locally convex spaces (see Remark 13. lTj) . For every two functors F, Q : Gr — > Man, the set 
of natural transformations from F to Q will be denoted by Nat(J 7 , Q). The category whose 
objects are functors F : Gr — > Man and whose morphisms are natural transformations will be 
denoted by Man Gr . If F E Man Gr and g E Morc r (A, A') then the morphism in Man from Fa 
to F\' that is induced by g will be denoted by F g : Fa — > Fa> ■ 

Remark 3.1. Let Q E Man Gr . For every m > n > the map Q in m : Ga„ — > Qk m is mjective 
and identifies Qa„ with a subset of GA m ■ We will use this natural identification to simplify our 
notation. For instance if / E Nat(^, F) for some F E Man Gr , then for every p E 6a„ we write 
fA m (p) instead of /^(^-(p)). 
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Let J 7 , Q G Man Gr and / G Nat(£, J"). We write £ C/ J 7 if for every A G Gr, the map 
Ia'-Ga^ J 7 a is a diffeomorphism onto an open subset of J-\. We write Q C J 7 if for every 
A £ Gr the set 5a is an open subset of Ta and Ja'-Qa^ J~a is the canonical injection. If 

U C 5 and / G Nat(£, J") then we define / G Nat(W, J") by 

7^ 



( / I«) A - a 



3.3. Superdomains and supermanifolds. Let £ G Man r be defined by 

£ E •= (E <g> A) 5 for every A G Gr. 
The zero vector in ^ will be denoted by Oa. Every g G MorG r (A, A') induces a map 

£ E : Sf -> £ E , v®\i->v<g) g(X). 
Definition 3.2. A functor IA C £ E is called a superdomain. 

The next proposition characterizes superdomains. 
Proposition 3.3. IfUQ £ E then there exists an open set U C Eq such that 

U K = U + {E® A+)q 

for every A G Gr. 

Proof. Set U :=U Ao . Clearly 

U k C {p G £f : f£(p) G 17} = £/ + (£ ® A+)q 

for every A G Gr. Next we prove that U A 5 U + (E A+)q . Let A := A n . Fix u G f7. Then 
U LA (u) G Wa, i-e., u (g) 1a G Wa- Since Ua C £^ is open, there exists an open neighborhood V 
of A G £f such that (m®1 a ) + ^C W A - 

Set V + := F n (E ® A + )q . For every s > 1 let g s £ Mor Gr (A, A) be the homomorphism 
uniquely defined by g s {K) ■= sA, for 1 < i < n. Then 

Wa 5 W 0S ((« 1 A ) + V+) = (u ® 1 A ) 

and U s >i ((« ® U) + W es {V + )) = u®l A + (E® A+)q . □ 

Definition 3.4. Let C £ E , V C £ F , and / G Nat(W,V). We call / a smooth morphism 
from ^ to V if for every A G Gr and every p G Z^a the differential map 

£a -»• ^ a . u ^ d«A(p) 

is Aq -linear. 

Definition 3.5. Let U,V,M G Man Gr , / G Nat(W,A1), and g G Nat(V,.M). Assume that 
V Q g M. The /i&er product of and V over .M is the functor U x^V QU defined by 

(U x M V)a := /a 1 (5a(Va)) for every A G Gr. 

We set (U x M V)@ := U e for every g G Mor Gr (A, A'). 

(Wx M V) A 

Remark 3.6. Let U Q £ E , V Q £ F , f £ Nat(U,M) and V E s .M. From the definition 
of fiber product it is easily seen that U Xj^ V Q £ E ■ However, the canonical projection 
p v G Nat(7/ x M V, V) given by 

Pa ■= 9a 1 ° /a „, „, for ever y A G Gr 

(Wx A1 V) A 

might not necessarily be a smooth morphism. 



POSITIVE DEFINITE SUPERFUNCTIONS AND UNITARY REPRESENTATIONS 



7 



Definition 3.7. A supermanifold modeled on a Z2~graded locally convex space E = Ex ®Ej 
is a pair (A4,£/) where A4 G Man Gr and is a set of pairs (U,f) satisfying the following 
properties. 

(i) If {U,f) G £f thenU C / G Nat(W,M), and ZY □/ X. 

(ii) is an open covering of A4, i.e., 

Ma = |J /a(Z4) for every A G Gr. 

(iii) For every two elements (U,f) and (V,g) of =2/ the canonical projection 

p V :U x M V 

is a smooth morphism. 
The set srf is called an atlas of A4. An element of jz/ is called an open chart of A4. 

Remark 3.8. In the rest of this article, when there is no ambiguity about the atlas of a 
supermanifold (A4,.sz/), we write A4 instead of 

Lemma 3.9. Let M be a supermanifold and U Qf M. Then 

f A (U A )=M-l(f Ao (U Ao )):={ P GM A : M EA (p) G f Ao (U Ao )} 

for every A G Gr. 

Proof. Follows from Proposition 13.31 The proof is straightforward and left to the reader. □ 

The notion of a smooth morphism between two supermanifolds can now be defined using 
open charts. Let and {N,3&) be two supermanifolds and h G Nat(A4,AA)- For 

every (U,f) G and every (V,g) G the natural transformations ho f G Nat(£Y,AA) and 
<? G Nat(V, A/*) define a fiber product £Y xj\f V. We say /i is a smooth morphism from A4 to A/ - 
if for every (U, f) G s$ and every (V, 5) G SB the canonical projection p v : Z// x^v V — >• V is a 
smooth morphism. 

3.4. A— smooth maps. The next definition will simplify our presentation. 

Definition 3.10. Let E = Eq (BEj and F = Eq (BFj be Z^-graded locally convex spaces. Let 
A4 be a supermanifold modeled on E and A" be a supermanifold modeled on F. Fix A G Gr 
and let p G A^a- A smooth map h A : A^a — > A/a is called A-smooth at p if for every open 
chart (U, f) of M. where p G f A (U A ), and every open chart (V, g) of M where h A (p) G <?a(Va), 
the map 

<^A -> ^A > u ^ d f (5a 1 A) (p) 
is Aq -linear. If h A is A-smooth at every p G M A then /ia will simply be called A-smooth. 

Remark 3.11. Let M and N be supermanifolds and h G Nat(A / l , A"). Then h is a smooth 
morphism if and only if h A : A4\ —> A/a is A-smooth for every A G Gr. 

3.5. The category SMan. The category of supermanifolds and their smooth morphisms will 
be denoted by SMan and the set of smooth morphisms from A4 to J\f will be denoted by 
MorsMan(A4, A"). It is proved in |AlLal2t Thm 3.36] that the category of finite-dimensional 
supermanifolds (in the sense of Berezin, Kostant, and Leites) is equivalent to a full subcategory 
of SMan. 
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3.6. The superalgebra C°°{M,£ C ). As usual, we denote the ^-graded vector space 
CffiC by C 1 ' 1 . For every super manifold Ai set 

C°°(M,£ cl]1 ):= Mor SMan (M,£ c111 ). 
The next proposition follows from [AlLal2, Prop. 3.4]. 

Proposition 3.12. LetlA C £ E and set U := U\ . There exists a bijection between smooth 
morphisms h G C°°(ZY, £ cl ^ ) and families of maps {h m : m > 0} satisfying the following 
properties: 

(i) h m : U — > Alt m (£j,C) for every m > 0, and i/ie map 

U x Ej ^ F , (u,vi, . . . ,v m ) ^ h m (u)(vi, ... ,v m ) 

is smooth. 

(ii) For every A 6 Gr we have 

h K (u + VQ+vj)= jj^d k h m {u)(vQ,...,VQ){vj,...,vj) (3.1) 

k,m>0 , , v ,T 

' — fe times m times 

where u *E U , Vq <E Eq ® A± , and vj G £y (8) Ay . 

In (|3.ip i/ie multilinear functions d k h m (u) are extended by linearity to Grassmann variables, 
i.e., 

d k h m (u)(x 1 X h ,. . .,x k X Ik )(y 1 X Jl ,.. . ,y m X Jm ) 

k m 

:= d k h m (u) (xi , . . . , x k ) (yi , . . . , y m ) JJ X h Xj 3 . 

i=l j=l 

Remark 3.13. The superspace £ cl11 is a ring object in Man Gr and induces a multiplication 
on C°°(Ai, £ cl 1 ). Therefore C°°{M , £ cl 1 ) is the superalgebra of smooth superfunctions on 
the supermanifold Ai. In this article, we will not need this multiplication. 

Definition 3.14. Let Ai be a supermanifold and h G C°° (Ai , £ c± ^ ) . The family of maps 
{h m : m > 0} which satisfies (|3.ip is called the skeleton of /i. 

Lemma 3.15. Zei Q £ E , h e C°° (U , £ c ' 11 ) , and {h m : m > 0} 6e i/ie skeleton of h. If 
xi, . . . ,x n G i/ten 

d"7i An (n)(xiAi, . . . ,x n A n ) = /i n (n)(xi, . . . , x n ) • Ai • • • A n for every u G U\ . 

Proof. If we set v$ := 0a„ and vj := tiX\Xi + ••• + t n x n X n in f)3 . 1 f) then it follows that 

^A n ("U + t\X\Xi H hi n%n An) is a vector- valued polynomial in ii, . . . , t n with coefficients in 

■ ^he leading term of this polynomial is 

h n (u)(xi, . . . ,x n ) ■ Ai • • • A n • t\ ■ ■ -t n . 

It follows that 

d n h An (u)(x 1 X 1 , . . .,x n X n ) 

d d . . 
= "^7 ■wrh An ( u + hxiXi H h t n x n X n ) 

dtl dt n tl=-=tn=0 

= h n (u){xi,...,x n )-X 1 ---X n . □ 
Lemma 3.16. Let U C £ E , h G Mor SMa n(^, £ F ), A G Gr, and p G U K - 
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(i) If q G Mor Gr (A, A') for some A' G Gr then 

d n h A , {U e (p)) {Sf(vi), Sgivn)) = £ F e {fh A { V )(y x , . . . , «„)) 

for every v\, . . . ,v n G Ef. 

(ii) The map 

£f x ■ • • x ef £[ , (vi,-- ■ ,v n )^ 6 n h A {p){v 1 , . ..,v n ) 
is Aq -linear in v\ , . . . , v n . 

Proof, (i) The case n = 1 follows from differentiating the relation h A i olA e = £ F o h A and using 
the fact that 6 V U Q {Q A ) = £f(v) for every v G £ E . The case n > 1 follows by induction on n. 

(ii) The case n = 1 is an immediate consequence of A-smoothness of h A and the case n > 1 
follows by induction on n. □ 

Remark 3.17. If Man denotes the category of analytic manifolds, then after minor modifi- 
cations the definitions and results of this section will remain valid and therefore lead to the 
category of analytic supermanifolds. 

4. Lie Supergroups 

Throughout this section E = Eq © Ej will be a Mackey complete Z2~graded locally convex 
space. For more information on the notion of Mackey completeness see [KrMi97| Sec. 2]. Note 
that every sequentially complete locally convex space is Mackey complete. 

4.1. Lie supergroups as group objects in SMan. In view of our categorical approach to 
super geometry, a Lie supergroup will be a group object in the category SMan. For background 
on group objects in categories see |GeMa88l Sec. II. 3. 10]. 

Definition 4.1. A supermanifold Q G SMan is called a Lie supergroup if it is a group object 
in SMan and the Lie group Q\ has a smooth exponential map. 

In the rest of Section H] we assume that Q is a Lie supergroup modeled on E = Eq © Ej . 
If A G Gr then Q\ is a Lie group modeled on the locally convex space (E © A)q . For every 
A G Gr, the identity element of Ga will be denoted by 1a • 

Let ix : Q x Q — > Q denote the multiplication morphism of Q. For every A G Gr, if g G Q\ 
then we define the left and right translation maps (/ 9 )a : Qk — > Gk and (r g )A ■ Qk — > Qk by 

(lg)k(x) := gx := fi A (g, x) and (r g ) A (x) := xg := li a (x, g). 

Note that {l g )k an d {fg) A are A-smooth. If g G Gk then based on Remark 13.11 we obtain 
smooth morphisms l g ,r g G MorsMan(^> Q)- 

4.2. A local Lie supergroup. Fix an open chart (V, /) of Q such that V C £ E . After a 
suitable translation we can assume that 0a G Va , and /a (0a ) = l Ao - It follows immediately 
that A G V a and / A (0 A ) = U- 

The multiplication and inversion of Q can be pulled back to V as follows. Fix A G Gr. For 

every v 1 ,v 2 G Va if MaC/a^i), f A (v 2 )) G /a(Va) then we set 

vi»V2 ■= /a'M/a^/aM)). (4.1) 
Similarly, for every v G Va, if f A (v) G /a(Va) then we set 

Note that the product • v 2 and the inverse v _1 are not necessarily defined for all choices of 
vi,V2,v G Va- Nevertheless, the following statement holds. 
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Lemma 4.2. There exists alA C V which satisfies the following properties: 

(i) Oa G Ua and Oa • u = u • Oa = u for every u G Ua ■ 

(ii) If u G for some A 6 Gr then u^ 1 is defined and belongs tolAA- Moreover, u^u^ 1 = 
u^ 1 • u = Oa- 

(iii) The product u\ • u 2 • ^3 is defined for every A G Gr and /or every ui,U2,Us G Ua- 

Proof. Since £?a is a Lie group, it is possible to choose Ua Q Va suitably such that properties 
(i)-(iii) hold in the special case A = Ao- For every A G Gr set 

U A := V-HZYao) := {p G Va : V £A (p) G W Ao }. 
Properties (i)-(iii) for general A follow from naturality of / and Lemma 13.91 □ 

4.3. The exponential map for Qa- Let (14, f) denote the open chart of Q obtained by 
Lemma 14.21 Lemma 13.91 implies that the set 

/A:,! +1 (MS £n+1 ,J) = (E ® (A n • A n+ i))g QU An+1 

is closed under the multiplication and inversion defined in (14. ip and (|4.2p . Thus, with the 
latter operations, [E ® (A n • A n +i))g is a Lie group. The next lemma explicitly describes the 
multiplication of [E (g) (A n • A n +i))^ . 

Lemma 4.3. 7/ x, y G (-E 1 <8> (A n • A n+ i))g , i/ien x • y = x + y. 

Proof. Write x = xi • A n+ i and y = y\ ■ \ n +i where xi,yi G (E <g> A n ) T . Set g := e n+2>n+1 , 
:= ^n+i.n+a^) G ^A n+2 , and y' := y x ■ X n+2 G U An+2 . Then 

W,(x' • y') = U g {x') • W e (y') = U Q (x') . An+1 = 

and therefore x' *y' = x' + uu ■ X n+2 + w' ■ A n +iA n+ 2 where u; G (E®A n )j and u/ G (.E <8> A„)q . 
Similarly if we take g' G MorG r (A n+ 2, A n+ i) defined by 

Aj if 1 < i < n, 
g'(Ai) := < if i = ra + 1, 

A n+ i if 2 = n + 2 

then u>-A n+ i = U e >(x'»y') = U(x')»U(y') = 0A n+1 »U g >(y') = yvKi+l- It follows that w-X n+2 = 
y' and therefore x'*y' = x'+y' + w'- A„ + iA n+ 2- Finally, consider g" G Mor(A„ + 2, A„, + i) defined 
by 

g"(X t ):={ Xl ifl ^-> 

I A n +i ifn + l<i<n + 2. 

Then 

x»y = Ug»(x') • U e »(y') = U e »{x' • y') = Uq»(x' +y' + w' ■ A n+ iA n+2 ) = x + y 

which completes the proof of the lemma. □ 

Proposition 4.4. For every n > the Lie group Ga„ has a smooth exponential map. 

Proof. We use induction on n. The case n = follows from Definition 14.11 Next assume n > 0. 
Since E is Mackey complete, Lemma I4T31 and N'eOO. Prop. II. 5. 6] imply that ker(C/ £n+1 n ) is 
regular in the sense of [Mi84, Def. 7.6]. See [Ne06, Def. II. 5. 2] for a more detailed discussion. 
If 1 — > A — > B — > C — 7-1 is a smooth extension of Lie groups such that A is regular and C 
has a smooth exponential map, then B also has a smooth exponential map. We do not give 
a proof of the latter statement because the argument is very similar to [KrMi97, Thm 38.6]. 
See also [GlNe] . To complete the proof of the proposition we use the above statement with 

the sequence 1 > ker(£ En+1 J > GA n+1 £ " +1 '"> Q Kn ► 1. □ 
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4.4. The exponential map of (U, /). Let (U, f) be the open chart of Q obtained by Lemma 
14.21 Next we show how to pull back the exponential map of Q to U. For every A G Gr, the 
map 

£f -> Lie(g A ) , v h-> c1„/a(0a) 

is a continuous invertible linear transformation with a continuous inverse. For every v G £^ 
we set 

whenever e dl, ^ A (° A ) G /a(^a)- The next lemma implies that the exponential map is well-defined 
on some W C 

Lemma 4.5. There exists aWQ £ E which satisfies the following properties. 

(i) Ao G W Ao . 

(ii) e d "^ A (° A ) G /a(^a) /or every A G Gr an<i every v G Wa- 

Proof. Since Q\ has a smooth exponential map, there exists an open O-neighborhood W C 
Lie(aAo) such that i eW 1 w£W}<^ /ao(^Ao)- Set 

W Ao :={ve£g : d„/ Ao (0 Ao )GW} 

and W A := (SfJ' 1 (W Ao ) := { u G £f : S? K (v) G W Ao } for every A G Gr. 

Next we prove that if v G Wa then e d "^ A ^° A - ) G /a(^a)- By Lemma 13.91 it suffices to prove 
that if v G Wa then Q eK (e 4 ^^)) G / Ao (W Ao ). To prove the latter statement note that if 
v G Wa then £f t iv) G Wa and therefore 

a £A (e dl,/A( ° A) ) = e d ^ A (iA)(d,/ A (o A )) _ e d/A (o Ao )(^f A (t>)) G f Ao (U Ao ). □ 

Lemma 14.51 implies that for every A G Gr the following diagram commutes: 

/a 




Lie(<?A) 

i>H>d„/ A (0 A ) 

Our next goal is to prove that the induced exponential map is in Nat(W,W). 

Lemma 4.6. Let A, A' G Gr and g G Morc r (A, A'). Then the following diagram commutes: 




Proof. Let w G Wa- Then 

f A ,(e w ^ w) ) = / A '(e^ (w) ) = e d /A'(°A')(£?H) = e d<? e (i A )(d m /A(o A )) 
= S,( e d ^ A ( 0A )) = g e (f A (e w )) = h>{U e (e w )). 
Since f A > : U\i — > G A > is an injection, it follows that e^eb") = U e {e w ). □ 
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Fix A E Gr. The map 

S A : Sf -> Lie(C? A ) , « ^ d v / A (0 A ) (4.3) 

is a continuous invertible linear transformation with a continuous inverse. Therefore the Lie 
bracket of Lie(C? A ) can be pulled back to that is, we can define a Lie bracket 

£ A x £ A ->• £ A > foj/U : = S^ 1 ([£A(^),SA(y)]Lie(e A )) for every x,y £ ff, 

where [ •, • ]Lic(g A ) denotes the Lie bracket of Lie(C? A ). Observe that e sx , e ty E W A for sufficiently 
small s,t£l, and therefore 

d d 

[x, y}\ = ^-^i(e sx • e ty • e~ sx ) for every s, y E £ A . (4.4) 

OS Ot s=t=0 

Lemma 4.7. Let A E Gr and x,y E 

(i) // A/, Aj E Ag i/ien [x ■ Aj,y • Aj] A = [x, y] A ■ A/Aj. 

(ii) //A' E Gr and g E Mor Gr (A, A') f/ien 



[£?(x),S?(y)] A ,=S?{[x,y] A ). 



Proof. Note that 



r i 9 9, 

L^, 2/Ja = Q^Ql h ^° 9A{s,t) 



s=t=0 



where h : IA x W — > V is the smooth morphism defined by 

/i A (a, 6) := a • 6 • a -1 for every a, 6, c E W A 

and 

5A : (-r,r) x (-r,r) 4i/ A xM A , Sa(*>*) := (e sx ,e* y ) 
for r > sufficiently small. Lemma 12.31 implies that 

[x, y] A = d 2 h A ((0 A , A )) ((x, a ), (0 a , y)) . 
Therefore (i) and (ii) follow from Lemma 13.161 □ 

4.5. A Lie superalgebra structure on E. Our next goal is to obtain a Lie superalgebra 
structure on E = Eq © Ej which is compatible with the Lie brackets [•, -] A on £® for every 
A ( Gr. 

Lemma 4.8. There exists a continuous bilinear map ci : Eq x Ej — > Ej such that 

[x, y • Ai] Al = c\(x, y) ■ X\ for every x E Eq and every y E Ej . 

There exists a continuous symmetric bilinear form c 2 : Ej x E- — > Eq such that 

[x ■ X 1 ,y ■ \ 2 }a 2 = c 2 (x,y) ■ AiA 2 for every x,y E Ej. 

Proof. This is a consequence of Lemma l4T7T ii) . For ci we use g := t Al o e Al E Morc r (Ai, Ai). 
For C2, we use g := qi E Morc r (A2, A2), where i E {1,2}, defined by Qi(Xj) := dijXj. To show 
that C2 is symmetric we use g E MorG r (A2, A2) given by g(Xi) := A2 and g(X 2 ) ■= X\. □ 

Consider the continuous skew-symmetric bilinear map 

c : Eq x Eq -> % , c (x,y) := [x,y] Ao . 

Using cq,ci, and C2 we define a Lie superalgebra structure on E = EqQEj. For every 
Xq , yQ E i% an d every xj ,yj E -Ey we set 

[xq +x t ,Vq + yj] := c (xq,Vq) + c 1 (x-Q,y T ) - c x (j/q- , x T ) -c 2 (x T ,y T ). (4.5) 

Bilinearity and continuity of [•,•] are obvious. Example 14.91 below explains how to prove the 
super Jacobi identity for [•, •] using the Jacobi identity of [•, -] A . 
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Example 4.9. Assume x,y G Ej and z G Eq . In this case we should prove that 

[x, [y, z]) - [y, [z, x}} + [z, [x, y}] = 0. (4.6) 

Using (|4.5p we can write (|4.6p as 

- c 2 (x, ci(z,y)) - c 2 {y,c 1 (z,x)) + c (z,c 2 (x,y)) = 0. (4.7) 

From Lemma 14.81 and Lemma l4.7( ii) it follows that 

[y ■ \i,z} A2 =-[z,y- Ai]a 2 = -ci(z,y) • Ai. 

Again from Lemma 14.81 and Lemma l4.7( ii) it follows that 

[x ■ A 2 , [y ■ Ai,z]a 2 ]a 2 = [x • A 2 , -ci(z,y) • Ai]a 2 = c 2 (x,ci(z,y)) ■ X 1 X 2 . 

In a similar way, it can be shown that [y ■ Xi,[z,x ■ A2]a 2 ]a 2 = c 2(y, x)) ■ \\\ 2 and 
[z, [x ■ X 2 ,y ■ Ai]a 2 ]a 2 = — Cq(z, c 2 (x, y)) ■ \i\ 2 . Therefore (I4.7P is a consequence of the Jacobi 
identity of [-, -]a 2 for the elements x ■ \ 2 ,y ■ Xi, and z. 

For every A G Gr, the Lie superbracket on E = Eq © Ej defined in (14.51) induces a Lie 
superbracket 

[ •, • }' A : (E © A) x (E ® A) E ® A 
as follows. For homogeneous v\,v 2 G E and A/ 1; A/ 2 G A we set 

[vi ■ \ h ,v 2 ■ X h ]' A := (-l)^W[v h v 2 ] ■ X h X h . 

Proposition 4.10. Let A G Gr. Then [x,y\ A = [x,y\' A for every x,y G £ A . 

Proof. Follows from Lemma 14.71 and Lemma 14.81 □ 

4.6. The Harish Chandra pair associated to Q. For every A G Gr, we define an action 
of Ao on £ A as follows: 

<?Ao x£a ~^£a , (g,v) ^ g* A v := S^iAd^ig^SAiv))). 

where 5a is the linear transformation defined in (|4.3p and Ad\(a)(x) denotes the adjoint 
action of a G Q A on x G Lie(£?A)- Note that by the Chain Rule, 

g * A v = S^idQg o r fl -i) A (lA)(fiA(v))) = d(/~ 1 ° k ° r g -i o f) A (0 A )(v). (4.8) 

Lemma 4.11. Let g G Ga , A G Gr, and u G £ A . 

(i) If g £ Mor Gr (A, A) for some A' G Gr then g-k A > £f{v) = £f(g*A v). 

(ii) g *a (v ■ A/) = (g * A v) ■ A/ /or ewen/ A/ G Aq . 

Proof, (i) Differentiating /a' °U e = Q e ° f A yields Sa' ° £f( w ) = d£/ e (l A ')(S A (u;)). Similarly, 
differentiating (/ 9 o r g -i) A i o Q e = Q e o (l g o r g -i) A yields 

d(l g o r ff -i)A'(lA')(d& c (lA)H) = d^(l A )(d(Z 9 o r a -i) A (lA)H). 

Therefore 

5* A ' («) = 5^(d(Z ff o V i) a ,(1 a 0(5a^ off («))) 

= S A }(d(lgorg- 1 ) A ,(l A ,)(dg g (l A )(S A (v)))) 
= S A }(dg Q (l A )(d(l g or g - 1 ) A (l A ){S A (v)))) 

= Sf o S]? (d(l g o Vi ) a (1a)(^aW)) = Sf(g * A «). 
(ii) Follows from (|4.8p and AQ-linearity of u H >• d^/ o l g o r-i o /) A (0 A ). □ 
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Theorem 4.12. Let G := Qk - Let q-q := Lie(£/ Ao ) and 

: E -> 00 > ^0 ( e o) : = d e«j/Ao(OAo)- 

Let q t := ker fd£/ £Ai (Iai)) Q Lie(^Ai) and 

A T : E T -> 5l , A(er) := d/ Al (0 Al ) (e T • Ai) . 

5ei := Bq © ST anc ^ 

A : £ -> g , e„®e T 4 y% (eg- ) A-rfo). 

Le£ [ •, • ] : x —7- be a Lie superbracket induced by the Lie superbracket [■,■} '■ E x E — > E 
given in (j4.5j) as follows: 

i x ,y]s := ^([ j4_1 ( a; )' j4_1 (y)]) / or ever V x,y £ Q. 

Define 

Ad : G x , Ad( 5 )(xg 0x T ) := Ad Ao ( ff )(xo)0 Ad Al (U Al (#)) (x T ). 

(i) T/ie superbracket [ • ] : x — >• is continuous and the map Ad : G x g g is 
smooth. 

(ii) TTie map Ad(g) : — ^ is an automorphism of q for every g £ G. 

(iii) Let y £ Q and c y : G — ^ be the map defined by c y {g) := Ad(g)(y). Then 

<*Cy (1a )(x) = [x,y] a for every x £ . 

Proof, (i) Continuity of [•,']$ follows from the fact that A is a bijective continuous linear 
transformation with a continuous inverse. Smoothness of Ad follows from smoothness of Ad Ao 
and Ad Al . 

(ii) The inclusion Ad(g)(Qj) C qj follows from 

9 *A Sf Kl (v) = £e Al {9 *Aj v) 

which is a consequence of Lemma I4.11( i) . Next we prove that 

[Ad(g)(x),Ad(g)(y)} s =Ad(g)([x,y] s ) 

for every x,y £ q. It suffices to assume that x, y are homogenous. Depending on the parity of 
x and y there are four cases to consider, but the arguments are similar, and we will only give 
the argument when x,y £ Qj . Set x := A~ 1 (x) and y := A~ 1 (y). Prom Lemma l4.11l it follows 
that 

g *a 2 (x ■ Ai) = A' 1 (Ad(g)(x)) ■ Ai and g * Aa (y ■ A 2 ) = A~ l (Ad(g)(y)) ■ A 2 . 
Now on the one hand by Proposition 14. 101 

[A~ 1 (Ad(g)(x)) • Ai^-^AdO/)^)) • A 2 ] Aa 

= -[A' 1 (Ad(g)(x)),A- 1 (Ad(g)(y))]-X 1 X 2 
and on the other hand from Lemma 14.111 it follows that 

[A-\Ad(g)(x)) • Ai,^- 1 (Ad( 5 )(y)) -A 2 ] A2 = [g* A2 • Ai),#* A2 (y • A 2 )] Aa 
= 5 *A 2 ([* • Ai,y • A 2 ] A2 ) =g*A 2 (-[x,y] ■ A X A 2 ) 
= -(5*A 2 [£,#]) • AiA 2 = —A" 1 (Ad(g)([x,y})) • AiA 2 . 

(iii) It suffices to prove the statement for y £ Qj ■ In this case, 

dcy(l Ao )(x) = [d^ Ai (l Ao )(x),y] Lie( g Ai) = A([A- 1 (x),A~ 1 (y)]) = [x,y] s 
which completes the proof. □ 
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Theorem 14.121 links the abstract notion of a Lie supergroup to the more concrete notion of 
a Harish-Chandra pair. 

In the next definition, Aut(g) denotes the group of automorphisms of g (not necessarily 
continuous) which preserve the ^-grading. 

Definition 4.13. A Harish-Chandra pair is a pair (G, g) satisfying the following properties. 

(i) := 00 © 0T 1S a ^2-graded locally convex space endowed with a continuous Lie 
superbracket [■,•]: x g — ^ g. 

(ii) G is a Lie group and gQ = Lie(G). 

(iii) There exists a group homomorphism Ad : G —¥ Aut(g) such that the map 

Gxg^g, (g,x)^ Ad(g)(x) 

is smooth. 

(iv) If c y : G — > g is the map defined by c y (g) := Ad(g)(y) then 

A x Cy(l G ) = [x, y] for every x G gjy and every y G g 

where lc G G denotes the identity element of G. 

Corollary 4.14. The pair (G,q) associated to Q in Theorem \4.1S\ is a Harish-Chandra pair. 

Remark 4.15. A result analogous to Corollary 14.141 holds for analytic Lie supergroups, i.e., 
group objects in the category of analytic super manifolds. The Harish-Chandra pair (G, g) 
associated to an analytic supermanifold satisfies two extra properties: G is an analytic Lie 
group and the adjoint action G x g — > g is analytic. 

Definition 4.16. An analytic Harish-Chandra pair is a Harish-Chandra pair (G,g) where G 
is an analytic Lie group and the adjoint action G x g — > g is analytic. 

Remark 4.17. From the results of this section it follows that 5a~Gk N a for every A G Gr, 
where N A is a nilpotent simply connected Lie group with Lie algebra (g<%> A + )q . If we identify 
N A with its Lie algebra via the exponential map then the action of G on N A is the canonical 
extension of the adjoint action of G to (g g) A + )q . 

5. Left invariant differential operators on Lie supergroups 

To simplify our notation, in this section we assume that Q is a Lie supergroup modeled on 
a locally convex space g = g^ © 0t (that is, g^ = Eq and Qj = Ej) and [•,•] : g x g — >• g is 
the Lie superbracket defined by (|4.5p . Set G := Q\ . We will denote the identity element of 
G by 1 G . 

Throughout this section (U, f) will denote the open chart of Q obtained by Lemma [4. 21 (note 
that UQ£ S ). 

Let h\ : G\ — > S^ 1 be a smooth map. Recall that for every v G Lie(^A) the left invariant 
differential operator L v on Q\ is defined by 

L v h A (g) := lim - (h A (ge sv ) - h A (g)). 

The chain rule implies that L v h\(g) = dh A (g) (cI 1 ,(Z 9 )a(1a)) • 

5.1. Some technical lemmas. Our next goal is to prove some basic properties of left invari- 
ant differential operators. 

Lemma 5.1. If A G Gr then every g G Q A can be written as g = gof\{uo) where go := Gi A oe A {g) 
and u Q G U^(Q Ao ) C U a . 

Proof. Follows immediately from Lemma 13.91 □ 
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Lemma 5.2. Let A G Gr and h\ : Ga — > £^ be A-smooth. 

(i) For every v G Lie(£/ A ) the map L v h\ ■ Ga £ A * s A-smooth. 

(ii) Let x 1 ,...,x k e£^ and \ h , . . . , X Ik G Ag . Set X{ := d Xi .\ h /a(Oa) for I < i < k. If 
g G Ga then 



L 



L x k h A (g) 



L. 



d x J A (0 A ) " " " 



) ■ ■ ■ L d Xk f A (o A ) h dg)) - A/! 



Proof (i) Fix 5 G <5 A - By Lemma [57X1 we can write g = 5o/a(^o) where go := Gi A oe A (g) and 
no G ^a- It suffices to prove that the map 

Ua -> ^a'' 1 , x H> (L v h A ){gofA{x)) 

is A-smooth at no- Fix u; G £ A . Set H w (s,t) := h A (gofA( u O + sw)e tv ) for s,t G R sufficiently 
close to 0. Observe that for every s G R, 



0_ 

Ot 



H w (s,t) 



t=o 



(L v hA)(gofA(uo + sw)). 



Thus we need to prove that M-jLH w (s,t) 



s=t=0 



is Aq -linear in w. The map 



U A ->■ 1 , 2c i-)- (ft A (^o)a (r e *>)A /a) (a) 



is A-smooth and therefore -j^H w (s,t) 
w. Consequently, if A G Aq then 



s=0 



d w (h A o (Z go ) A (?V»)a /a)(wq) is A^-linear in 



9s a* 



H w . x (s,t) 



d_,d_ 

s =t=o dt ds 



H w . x (s,t) 



s=0' 



t=0 



H w (s,t) 



s=0' 



t=0 



d_d_ 
~ds~di 



H w (0, 0) • A. 



(ii) First assume k = 1. By the Chain Rule we have 



d xl . x f A (o A ) h Ai9) = d/»A(s)(d(ip)A(lA)(d/A(OA)(a:i ■ A))^ 

= d^-A^A (^)a°/a)(0a) = (daj^/lA (^)A ° /a)(0a)) • A 

and again by the Chain Rule the right hand side is equal to L dx ^^ A ^ 0A ^h\(g) ■ A. This completes 
the proof for the case k = 1. The case k > 1 follows from (i), (ii), and induction on k. □ 

Lemma 5.3. Let A, A' G Gr, g G Mor Gr (A, A'), ft G C°°(g,£ cl|1 ) ; and 11*,..., G E\. For 
every 1 < i < k set Wi := df\/(0 A i)(£g(wi)). If g G Ga then 



Lwi--- Lu, k h A f (G e {g)) = £f ' [L dwi 



J A (o A )--- L d w ,f A (o A )hA(g))- 



Proof We only give the argument for k = 1, as the case k > 1 follows by induction on k. 
Observe that Q e /a = /a' and cI^^Oa) = £q{w). Thus 

d/ A '(0A')(£fK)) = d/ A ,(0 A /)(dW fl (0 A )(u>i)) = dg e (l A )(d/ A (0 A )(«; 1 )) 
and for every s G R we have 

e sd/ A ,(0 A ,)(£|(tui)) _ e sd0 ff (l A )(d/A(OA)(wx)) _ g e ( e sd /A(o A )(^i)V 
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It follows that 

L^h A '{O s (g)) = lim I^ A ,(g e ( 5 ) e ^/A'(o A 0(^(-0)) _ hA ,[g e (jg)) 
= rimV/i A ,(g e ( ff e sd ^(°A)(»0)) _ h A ,(g e (g)) 
= lim 1 fc 111 (fc A (^/A(°A)(»0) - fc A (<?)) 



= ^ 1 ' 1 (^d Wl / A (0 A )^A(5))- □ 

5.2. Left invariant differential operators on Q. Our next goal is to define left invariant 
differential operators 

l x : c°°(g,£ cl]1 ) -> c°°(g,£: c111 ) 

for every i £ g (see Remark I5.8[) . First we define L x when x is homogeneous and then we 
extend it to all of g by linearity. 

Lemma 5.4. Let h G C°° (g , £ cl11 ) , x G g- ; and n > be an integer. For every m > n set 
x m := d x .\ m f Am (0 Am ). If g G <5a„ #ien i/iere exists a unique w g G <? A I' 1 suc ^ 

A ™ • (^SmW) = J™, ^(^Am(5e tero ) - ^A m (sO) /or every m > n. 
Proof, (i) For every m > n set 

1 



== |im j{h Am (ge tXm ) - h Am {g)). 
For every m' > m > n let 2 mjTn ' G MorG r (A m , A m /) by defined by 



Xi if 1 < i < m — 1, 



I A m ' if i = m. 

If m! > m > n then cU g„ . (1a ) = x m > and therefore 

777 777 777, ^ *-777 / fib 

g £)mm ,(e* £m ) = e dSmge -^' (lAm) = e ts> ™' for every t G R. 

It follows that h Am ,(ge tx ™') = £f 1]1 , (h Am (ge tXm )) for every g E g A and thus 

, ( w a m)- To complete the proof of the Lemma it is enough to show that Ef^ 1 ^ (w„ n +i) = 

777, 777 ' ^ ^ 77— p 1 , 77 ^ " ' 

0. To prove the latter statement note that 
and thus for every t G M we have 

CL^+iO^ 1 ) - ^a„ +1 ( 9 )) = h An {gg en+ ,, n {^ n+1 )) - hx n { 9 ) = 0. □ 

Definition 5.5. Let h G C°°(g, £ c±}1 ) and A G Gr. If x G gg then set x := cI x /a(0a) and 
define 

(L x h) A (g) := lim - (h A (ge tx ) - h A (g)) for every 5 G g A . 
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For x G Qj we define 

(L x h) An (g) := w g 
where w„ G £ P 1 1 is given by Lemma [5? 



9 c "A„ 

Cl11 ). 

ill , 



Proposition 5.6. Let h G C°°(C/,<? 1 

(i) J/s € fl t/ien L x ./i G C°°(g,£ C1 ,. 

(ii) If x G g and 5 G £a taen L^/i o l g ) = (L x h) o Z g /or every a G £a . 

Proof, (i) We can assume x is homogeneous. If x G fljj then the statement follows from Lemma 
15.2( 1) and Lemma 15.31 If x G 0y then the statement follows from Lemma I5.2( i) , Lemma 15.31 
and the definition of L x . 

(ii) Straightforward from the definition. □ 

Lemma 5.7. Let xi,...,Xf. G be homogeneous. Let A G Gr and A/ 15 ...,A/ fc G A satisfy 
|AjJ = \xi\. Let Xi := d Xi .\ z , /a(Oa) /or 1 < z < /c. Zei m > be an integer. Assume that 

Ii Pi {r G N : r < m} = for 1 < i < k. 

If 9 £ GA m then 

L X1 ■ ■ ■ L Xk h A (g) = X Ik ■■■ X h ■ ((L Xl ---L Xk h) Am (g)). 

Proof. By Lemma I5.2( ii) the proof is reduced to the case where each Ii has at most one 
element. 

Let i\ < ■ ■ ■ < i£ be such that Ij = {rrtj} if and only if i G . . . , ie}. There are two cases 
to consider. 

Case 1. The m^.'s are pairwise distinct numbers. Using Lemma 15.31 with a homomorphism 
q : A — > A which suitably permutes the generators of A, we can assume that < • • • < m^. 
The case k = 1 follows from the definition of the differential operator h x . Next we prove the 
case k > 1 by induction on k. Assume that I± 7^ 0. (The argument for the case Ii = is 
similar.) It follows that Ij n {r G N : r < m^} = for 2 < i < k. Set /i := L X2 • • • L Xk h. 
Then 

L Sl --- L Xk h A (g) = lim - (l x2 ■ ■ ■ L Xk h A (ge sd ^ M ° A) ) - L X2 ■ ■ ■ L Xk h A (g)) 

- s (A™,, • • • A mi2 • (h Aii (^!/a(°a)) - ^ (<?))) 
= A m ^ • • • X mii ■ (L Xl h) Am ^ (g) = \ mii ■ ■ ■ X m%i ■ (L Xl h) Am (g) 
= Kn ie ■ ■ ■ A mn • (L Xl ■ ■ ■ L Xk h) Am (g). 

Case 2. There exist 1 < a < b < I such that nii a = rrii h . In this case we prove that 
[L X1 • • • L Xk ^h A {g) = 0. This follows from Case 1 and taking g : A m+ £ — > A defined by 



lim 

s->0 s 



31 




if 1 < j < m, 
otherwise 



in Lemma 15.31 □ 

Remark 5.8. Since the definition of L x is local, for every y C Q one can restrict L x to a 
differential operator L x : C°°(y,£' c ^ 1 ) — > C QO (y,£ c ^ 1 ). Our statements regarding properties 
of L x can be adapted suitably to hold for the restriction of L x to C°°(y,£ c ^ 1 ). 
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5.3. Extending L x to the universal enveloping algebra. Let Qc := g (8>r C and U(qc) 
denote the universal enveloping algebra of Qc- The next lemma shows that the definition of 
L x can be extended to every x G U(qc). 

Lemma 5.9. If x,y G q are homogeneous then 

(L x L y h - (-l)^'^L y L x h) A (g) = (L [x ^h) A (g) for every g G Q A . 

Proof. We only give the argument for the case x,y G Qj . The remaining cases are similar. Let 
A := A n and set 

x := d a; . An+1 /A„ +2 (0A„ +2 ) and y := d y . Xn+2 f An+2 (0 An+2 ). 

Thus x,y G Lie(Q An+2 ) and [x,y] = d/ An+2 (0 An+2 )(-[x, y] ■ X n+1 X n+2 ). From Lemma EH it 
follows that 

L x L y h An+2 (g) = A n +2A n +i ■ (L x ~L y h) A (g) = —\ n +\\ n+ 2 ■ (L x L y h) A (g). 
Similarly, L y L x h An+2 {g) = A n+ iA„ +2 • (L y L x h) A (g). Therefore 
K+lK+2-{(L x L y h)A(g) + (L y L x h) A (g)) 

= -(L x L y - L y L x )h An+2 (g) = -L^h An+2 (g) 

= —^-[x,y]h A (g) ■ A n+ iA n+ 2 = \j[ Xyy \h A (g) ■ A n+ iA n+ 2 

= A n+ iA n+ 2 • ^[x,y]h A {g) 

which implies that (LjX^a^) + (L y L x h) A (g) = L [xy] h A (g). □ 

5.4. Differentiating the exponential map. The next lemma will be used in the proof of 
Theorem 15.121 

Lemma 5.10. Let A G Gr, v\, . . . ,v n G Q be homogeneous, and Xj 1 , . . . , A/ n G A satisfy the 
following properties. 

(i) |A/J = \vi\ for all 1 < i < n. 

(ii) Ii n Ij = for every 1 < i ^ j < n. 

Then there exists a smooth map n : U Ao — > q such that 

d...jL( ue tiv^ Il+ ---+t n v n X In) =r)(u)-\ h ---\ In (5.1) 

Ot\ Ot n t 1= ...=t n =0 

for every u G lA Ao . On the left hand side of f)5. 1 1) we use the identification of u G lA Ao with 
U LK {u) G U A (see Remark \3.1\) . 

Proof. First observe that differentiation with respect to the ij's commutes with £® for every 
q G Morcr(A, A). Therefore by Lemma 14.61 it is enough to prove that, if a G Ij for some 
1 < i < n, and q G Morc r (A, A) is defined by 



Afc if k 7^ a, 
otherwise, 

then for all sufficiently small tj, j ^ i, we have 



£BfjL( ue tlVl\ Il +---+t n V n \ In j 



0. (5.2) 



ti=Q 

Without loss of generality we can assume i = 1. By Lemma 14.61 

U e {ue tlVl ^ 1 ^ Wn%lAr n \ _ ue £g {tlVl A ^ H Hn.V„Xl n ) 

— ue £%(t2V2\ l2 +-+t„V n \ In ) _2 / f( ue t2V2\l 2 +-+t n V n Xl n \ 
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Equality (|5.2p now follows immediately. □ 

5.5. The algebra of smooth superfunctions revisited. Let G°°(G, C) (resp., C W (G, C)) 
be the space of smooth (resp., analytic) complex- valued functions on G. For every x £ Qq set 
x := da;/A (0A ). The space G°°(G, C) is a gjy-module via the action 

x ■ ip(g) := Lz-ip(g) (5.3) 

for every x £ q-q , every ij) £ G°°(G, C), and every g £ G. 

Let Hom g _ (U(qc), C°°(G,C)) denote the complex vector space of C-linear maps 

h:[f(gc)->C°°(G,C) 

which satisfy 

(h(xy))(g) = L x (h(y))(g) (5.4) 

for every x £ q-q , every y £ f/(gc)> and every g £ G. 

If h £ Hom g _ (U(qc), C°°(G, C)), then for every n > 1 we set 

hN : g" x G 4 C , hN ( Xl , . . . , Sn> 5 ) := ( h (xi • • • x n )) (5.5) 

Set 

G°°(G,g) := {h £ Hom g _(?7(gc),C 00 (G,C)) : h^ is smooth for every n > l}. 
Similarly, we define 

C"{G,q) := {h £ Hom g _([/(g c ),G w (G,C)) : h w is analytic for every n > l}. 

Remark 5.11. Let Y C G be an open set. Then the space G°°(Y", C) (resp., G W (Y, C)) is also 
a gg -module via the action given in (15. 3ft . In the definition of G°°(G, g) (resp., C UJ (G, g)), if 
we substitute G°°(G,C) (resp., G W (G,C)) by G°°(Y,C) (resp., G w (y,C)), then we obtain the 
space G°°(y,g) (resp., G w (y,g)). 

Theorem 5.12. Let y QQ and Y := 3^a . The map 

$ : C°°(y,£ c111 ) -> G°°(y,g) , *(/*)(x) := (L x h) Ao 
is a C-linear isomorphism. 

Proof. Throughout the proof we assume that y = Q. Slight changes render the proof appli- 
cable to arbitrary y C Q. 

The proof will be given in several steps. 

Step 1. Let h £ G°°(£7,£ c111 ). From the definition of L x for x £ Qq , Proposition 15.61 an d 
Lemma l5\9l it follows that $>(h) £ Hom g _ (U(qc), G°°(G, C)). Lemma l5"7H and smoothness of 
the exponential map of Ga (see Proposition I4.4p imply that <j?(/i)[ n l is smooth for every n > 1, 
i.e., <&(h) £ G°°(G,g). It remains to prove that $ is a bijection. 

Step 2. Fix A £ Gr. By Lemma 15.11 every g £ Ga can be written as g = 5o/a(^o) where 
9o = Gua°£a(9)- We can identify G with im(G LA ) (see Remark 13. If) and consequently we will 
denote Ge A (g) b y 9o as well. For every h £ C°°(G,£ cM ) we set hS 9 ' := ho l go o f. Observe 
that h& £ C°°(U,S cM1 ). Proving that 3> is an injection amounts to showing that if &(h) = 
then h^ =0 for every g £ Ga- 

Step 3. Let h £ C°°(G,£ cM1 ) such that = 0. Fix g £ Ga- For every v x , . . . , v n £ £\ 
and every u £ Ua set 

A(u; Vl ,...,v n ) : = A... A/ lA ( 50 / A ( u )e tld "i/ A (° A ) + '-- +t " d -^( OA )) 

Cti Ct n ti="-=t n =0 
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where u is identified with U LA (u) G U\. From the definition of A(u; v±, . . . , v n ) it foilows 
immediately that the map 

W Ao x £ A x • • • x £ A ^ £^ 1{1 , (u,vt,..., v n ) ^ A(u; vi,...,v n ) 

is smooth. Moreover, A(u;vi, . . . ,v n ) is linear in v\, . . . ,v n . If we set Vi := cI^/a(Oa) for 
1 < i < n then Lemma 12.51 implies that 

A(u;vi,... ,v n ) = — ^2 L v^ w --- Lv a(n) h A (g f A (u)). (5.6) 

Since $>(h) = 0, Lemma [5.71 implies that A(u; v\, . . . , v n ) = for every u G U\ Q and every 
vt,...,v n e £ K . 

Step 4. Given a set A = {mi, . . . , m.^} C N, for every u G U\ and every v mi , . . . , v mk G £ A 

set 

d d 

B(u;va) ■= t. ~ ( ue t mi v mi +---+tm k v mk ^ 

Note that the smooth map 

W Al x^x-x^-*^, (u, v A ) h-> B(u; u A ) 

is A;-linear in v mi ,...,v mk . Moreover, if ^4 = {m-i} then B(u;ua) = d^ mi (^u)a(Oa). By 
Lemma 12.31 we can write 



A(u; v h . . . , v n ) = J- • • • -^-hf ( ne ^ 1+ - + ^«) 



=in=0 



Y, * k K ] («) (B(tt; ^ ),..., B(n; ^ Afc )) 

{Ai,..,yl fe }e^„ 

and therefore 

A(«; «!,...,«„) =d n ^ > («)(«;i,...,«; n ) (5.7) 
+ E E d *^A («) [B(u;v M ),...,B(u; VA k )) 

fc<n {Ai,...,A fc }e^„ 

where Wi = d Vi (l u ) a(0a) for every 1 < ? < n. The map 

£ A — > £ A , v i ^ d^j (^)a(Oa) 

is a bijective continuous linear map with a continuous inverse v \-t d v (l u -i)\(u). Thus, Vi = 
d Wi (l u -i) A (u) . If we start from any w\, . . . , w n G £\ and then recursively apply (|5.7p . we 
obtain a linear system with finitely many equations with an invertible triangular coefficient 
matrix. Since A(u, v\, . . . , v n ) = for every n and every v±, . . . ,v n G £ A , the linear system 
is homogeneous. Therefore the unique solution to the linear system is the trivial solution. It 
follows that 

d n h^ (u)(wi, . . . , w n ) = for every u G U Aq and every w%, . . . , w n G £\. 

In particular, if A = A n and we set Wi = X{Xi where xi G Qj for every 1 < i < n, then Lemma 
13.151 and Proposition 13.121 imply that h^ 9 ' = 0. This completes the proof of injectivity of <!>. 

Step 5. We now proceed towards the proof of surjectivity of Lemma 15.101 the linear 
systems obtained by (|5.7j) . and (15. 6p lead to the following statement: 

Statement A. Let n > 1 and & n denote the collection of partitions of {1, . . . ,n}. Then, for 
every S := {Ai, . . . , A^} G there exists a family 

■={(Ps,i{u;xA l ),---,Vs,i(u;xA k j) ■ i = 1, ■ ■ ■ , c(S) } 
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of /c-tuples of smooth maps 

Wa x 0^' -> , (v>,XAj) >-> Ds,i(«;^) 
where |^4j| denotes the cardinality of A,-, such that the following statements hold: 

(i) T)s,i( u ] %Aj) is linear in {x s : s G Aj}. 

(ii) If /i G C°°(G, £ cl ^ ), then for every xi, . .. ,x n G and every u G U\ we have: 

(-^d^fWfuA!, . . . ,x n A n ) (5.8) 

c(S) 

= Yl ^2[ L r>s4u;x Al )--- L r> Sii (n;x Ak )h) Ao (gofA(u)) ■ Xf-X n . 

S={Ai,...,A k } 

(iii) Let k = n, i.e., S = {A±, . . . ,A n } such that Aj = {j} for every 1 < j < n. Then 
c(S) = 1 and T)s,i{w,Xfj\) = f(u;xj) for every 1 < j < n where the smooth map 

^A x 0T 0T i ( u > x ) ^ i(u;x) 

is defined by the equality f(u;x) • Ai = d^..^ (^ u -i)ai (u). Moreover, for every u G U\ 
the map 

0T 0T , x i-> f(u;x) 
is a bijective continuous linear transformation with a continuous inverse. 

The proofs of (i)-(iii) are fairly straightforward. Part (i) follows from Lemma 15.101 and the 
fact that the Dg^u; xa)'s are obtained by superpositions of the B(u, x_b)'s. Part (ii) follows 
from (15 .7h and (|5.6p . Part (iii) follows from (15 .7p and the fact that v \-t 6 v (I u -i)a 1 (u) is a 
bijective continuous linear transformation with a continuous inverse (see Step 4 above). 
Step 6. For every go G Q\ let C ^ be defined by 

"A 0> : = (^o ° /)a(Z4) for every A € Gr. 

Fix h G C°°(G, q). Our goal is to prove that h = $(/t) for some h G C°°(g,£: c111 ). LemmaEZl 
equality (|5.4p , and a standard glueing argument show that it is enough to prove the following 
statement: 

Statement B. For every go G G\ there exists a unique smooth morphism 

which satisfies (L Xl ■ ■ ■ L Xn h 90 ) A (gi) = (h(xi • • • x n ))(gi) for every n > 0, every xi,...,x n G 

S T , and every g 1 G W A 9 o) . 

The proof of the uniqueness part of Statement B is similar to Steps 1-4 above. Next we 
give the proof of the existence part of Statement B. 

Fix go G Qa q . For every u G U\ , every n > 1 and every x\,...,x n G Qj define 
follows: 

kj*>)(u)(x u ...,x n ) (5.9) 
c(S) 

— ^ n ( n — 1 ) . ^ , 

2^(~ 1 )^ _ h(D s>i (n;xA 1 ) • • • Dg ti (u; xaJ) (so/a ("))- 

Sesa„ i=l 
5={Ai,...,A fc } 

Set k^ go \u) := h(l [ /( gc ))((7o/Ao( n )) f° r every u G ^/a i where lj7(g c ) denotes the identity 
element of U(gc). By Proposition 13.121 the family {kn ^ '■ n > 0} corresponds to a smooth 
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morphism £>> : u -> £ c . Let hP° : U {9o) -> £ c be the unique smooth morphism which 
satisfies 

Statement A and Lemma 13.151 imply that 

n(n— 1 ) / \ , ^ 

(_l)^4 9 o> (xi) ... ;Xn) = (L f(li . Il) ...L %In) / i ») Ao ( ffo /AoW) (5.10) 

c(S) 

+ ^(Ld^^^-'-Ld^^j^^^^o/aoW) 

SG^n i=l 
S={A lv ..,A fe } 

A;<n 

and (|5.9p implies that 

n(n— 1) / \ , . 

(-1) a 4 ff0> ••■,*„) = h(f (u; xi) • • • f (n; x n )) (sd/a («)) (5.11) 

c(S) 

+ X) 5Z h ( D S,i(^;2;A 1 )---D Sii (u;x J 4j)(5o/Ao(^))- 

Se&>» i=l 
5={Ai,...,A fe } 
fc<n 

Since the map x i— > f(tt;x) is an invertible linear map (see Statement A), from (|5.1U|) . (|5.11|) . 
and Lemma 13.151 and by induction on n we can prove that 

(Lrx •••L a; „/t 9o )A (5o/Ao(^)) = (H x l--- x n))(gofA (u)) 

for every u G U\ and every x%, . . . , x n £ Qj. The proof of Statement B is now complete. □ 

Remark 5.13. Note that C°°(Y, g) is an associative C-super algebra with the multiplication 

(h • h') (x)(g) : = (m o (h ® h') o c(x)) (g) 

where m : C°°(Y, C) ® C°°(Y, C) — )• C°°(Y,C) denotes the standard pointwise multiplication 
and c : U (flc) — ^ U (0c) ® f7 (0c) denotes the standard co- multiplication. It can be shown that 
the map $ of Theorem 15.121 is an isomorphism of C-superalgebras. We will not need this fact 
and therefore we omit its proof. 

6. The GNS construction 

Theorem 15.121 allows us to substitute a Lie supergroup Q by its associated Harish-Chandra 
pair. Therefore in the rest of this article we will not need the functorial formalism of the 
previous sections and we can concentrate on Harish-Chandra pairs. Throughout this section 
(G,g) will denote a Harish-Chandra pair. 

6.1. Smooth and analytic unitary representations. We recall the definition of smooth 
and analytic unitary representations of a Harish-Chandra pair (see |CCTV| . |MNS12j . and 
|NeSal2j ). 

Definition 6.1. Let (G,g) be a Harish-Chandra pair (resp., an analytic Harish-Chandra 
pair). A smooth unitary representation (resp., an analytic unitary representation) of (G,g) is 
a triple (tt, p n , 3f) satisfying the following properties. 

(i) (ir,J4?) is a smooth (resp., analytic) unitary representation of G on the Z2~graded 
Hilbert space Stf = J% ® such that for every g £ G, the operator n(g) preserves 
the ^-grading. 

(ii) p w : g — > Endc(^) is a representation of the Lie superalgebra g, where SS = 
(resp., SB = 3f"). 
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(iii) For every x 6 g^j, if d7r(x) denotes the infinitesimal generator of the one-parameter 
group t \-¥ Tr(e tx ), then p n (x) = d7r(x)|^. 

(iv) e~~p 7T (x) is a symmetric operator for every x £ Q- . 

(v) Every element of the component group G/G° has a coset representative g £ G such 
that 7r(5) / 9 7r (x)7r(5)~ 1 = p 7r (Ad(g)x) for every x £ Qj. 

Lemma 6.2. Let (G,g) be a Harish- Chandra pair, (tt , p n , Jf?) be a smooth unitary represen- 
tation of (G,g), and v £ Jtf? 00 . Assume that q is a Frechet-Lie superalgebra. Then for every 
n > 1 the map 

Q n ->Jtf, (xi,...,x n ) ^ p w (x^ ■ ■ ■ p n (x n )v 

is continuous. 

Proof The proof is by induction on n. For n = there is nothing to prove. Let n > 1. First 
we prove that the map 

00 x n_1 & > 0*^1 • • • > ^ P^P^l) • • • P*(Xn-l)v (6-1) 

is continuous. For every nonzero t£R define a map ft : 0q x n_1 — ^ ^ by 

/ t (x,xi,...,x n _i) := - (7r(e te )p 7r (aJi)---p 7r (a; n _i) - p*{x x ) ■ ■ ■ /^(a^-i)) u. 

The maps /t are continuous from a Baire space into a metric space. Moreover, 
limf t (x,xi, . . . ,x n -i) = p K (x)p K {x 1 ) ■ ■ ■ p n (x n - 1 )v. 

It follows from [Bo74, Ch. IX, §5, Ex. 22(a)] that the set of discontinuity points of the map 
(|6.ip is of first category, and therefore its set of continuity points is nonempty. Since the map 
(16. ip is n-linear, [NcSal2, Lemma 4.8] implies that it is continuous. 
To complete the proof it is enough to show that the map 

T x n - 1 ^^, (x, Xl ,...,x ni )^ p 7T (x)p n (x 1 )---p 7T (x n . 1 )v (6.2) 

is continuous at (0, . . . , 0) £ Qj x g™ _1 . If (x,xi,..., x n -\) £ Qj x g™ -1 then 

\\p ir (x)p v (x 1 )---p ir (x n -i)v\\ 2 

= (p 7T (x)p 7r (x 1 ) ■ ■ ■ p*{x n - x )v, p 7T (x)p 7T (x 1 ) ■ ■ ■ p n {x n ^)v) 
= \(p*(xi) ■ ■ ■ p"(x n -i)v, p n (x) 2 p" r {x 1 ) • • • p n (x n ^)v)\ 

< ^\\p ir (x 1 )---p ir (x n -. 1 )v\\ ■ \\p ir ([x,x])p ir (x 1 )...p ir (x n -i)v\\. 

Therefore continuity of ()6.2[) follows from the the induction hypothesis, continuity of f)6. If) . 
and continuity of the superbracket of g. □ 

Lemma 6.3. Let (G, g) be an analytic Harish-Chandra pair. Assume that g is a Frechet-Lie 
superalgebra. Let (ir,^^^) be a smooth unitary representation of (G, g). If v £ then 
p 7r (x)v £ M"^ for every x £ g. 

Proof. The argument appears in the proof of |NeSal2l Thm 6.13], but for the reader's conve- 
nience we explain the details. Since is g^ -invariant, it suffices to prove that p n (x)v £ J^f^ 
for every x £ Qj . Set w := p n (x)v. By [Nell} Thm 5.2] it suffices to prove that the map 

G^C, g^ (ir(g)w,w) (6.3) 

is analytic. Note that {7r(g)w,w) = y/—l(ir(g)v, p 7T (g -x)w). Since w £ Jf?°°, Lemma [6.21 
implies that the linear map z i— > p 7T (z)w is continuous, and therefore the map g \— )■ p 7T (g ■ x)w 
is analytic. Since the map g i— > ir(g)v is analytic, the map (]6.3p is also analytic. □ 



x := 
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6.2. The involutive monoid associated to (G, g). The anti-linear map 

0:' • 0:' • x h-> x* 

denned by 

—x if x G 0q , 

— v 7 — Tx if x G gy . 
is an anti-automorphism. It extends to an anti-linear anti-automorphism 

U(gc) -»• t/(0c) , D^D* (6.4) 
in a canonical way. Consider the monoid S with underlying set G x f7(flc) an d multiplication 

(si.DOGfe.Da) = (9152, (ff 2 _1 ■ ^1)^2) 
where 5 • -D denotes the adjoint action of g G G on D G J7(gc)- The neutral element of S is 
Is := (1g, ll/foc))- The ma P 

S -> S , S H-> S* 

defined by 

fo-D)* := (g-\g-(D*)) 

is an involution of S. 

Recall that U(qc) is an associative superalgebra. An element {g,D) G S is called odd (resp. 
even) if D is an odd (resp. even) element of U(qc). 

6.3. Smooth and analytic superfunctions on Harish Chandra pairs. Similar to Sec- 
tion [53J let C°°(G,q) (resp., C u (G,q)) denote the set of C-linear maps 

f ■.U(qc)^C 00 (GX) 
which satisfy the following two properties. 

(i) f(xD)(g) = L x (f(D))(g) for every every D G U(gc), and every g G G. 

(ii) For every n > the map 

fin] ; g n x G 4 C , /N (x l5 . . . , X n , 5 ) := (/(X! • • • x n )) (g) (6.5) 
is smooth (resp., analytic). 

Remark 6.4. Because of Theorem 15.121 the spaces G°°(G, g) and G W (G, g) deserve to be 
called the spaces of smooth and analytic superfunctions on the Harish-Chandra pair (G, g). 

For every / G G°°(G, g) we set 

/:S-MC, /(<?,£>) := /(D)(5) 

for every g £ G and every D G f7(flc)- 

Lemma 6.5. Let / G G°°(G, g) ; (g,D) G S, and x G g^ • Then 

lim 1 (/foe**, e~ tx ■ D) - f(g, D)) = f(g, Dx). 

Proof. By linearity of the map Z? i— > f(D) we can assume that D is a monomial of degree n. 
By the Chain Rule we have 

\^- t {f(ge t \e- tx -D)-f(9,D)) 

d_ 

~ dt 

= f(-xD + Dx)(g) + f(xD)(g) = f(Dx)(g) = f(g, Dx). □ 



t J{e- tx • D){ge tx ) = f(-xD + Dx)(g) + L x {f(D))(g) 
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Observe that S acts on C s (the space of complex-valued functions on S) by right translation, 
that is, (s • VOW := V"^ 5 ) f° r every s,f G S and every tp G C s . The next lemma shows that 
C°°(G,g) is an invariant subspace of C s under this action. 

Lemma 6.6. Let f G C°°(G,q) and (g ,D Q ) G S. Then the map 

h:U( 5c )^C°°(G,C) , h(D)(g) := f((g^ • D)D )(gg ) 

belongs to C°°(G,q). 

Proof. The only nontrivial statement is that L x (h(D))(g) = h(xD)(g) for x G Qq and D G 
U(qc)- This can be checked as follows: 

L x (h(D))(g) = \hn- t {h(D)(ge tx ) - h(D)) 

= lim i(/((<?- 1 • D)D ){ge tx g ) - f((g- 1 ■ D)D ){gg j) 

= lim - t (j{{g7 l ■ D)D )(gg e t ^ 1 ^) - f((g^ ■ D)D )(gg )) 

= L^ijfdg- 1 ■ D)D ))(gg ) = /((g' 1 ■ (xD))D )(gg ) 

= KxD){g). □ 

6.4. Positive definite smooth superfunctions. We can now define positive definite smooth 
superfunctions on a Harish-Chandra pair using the involutive monoid S introduced in Section 
1631 

Definition 6.7. An / G C 0O (G, q) is called even if f(g, D) = for every odd element (g, D) G 
S. An / G C°°(G, g) is called positive definite if / is even and / is a positive definite function 
on S, i.e., 

CiCjf(s*Sj) > for n > 1, c\, . . . , c n G C, and s\, . . . , s n G S. 

l<i ,j<n 

6.5. Matrix coefficients of unitary representations. For smooth and analytic unitary 
representations of a Harish-Chandra pair (G,g), the matrix coefficients are defined as follows. 

Definition 6.8. Let (it, Jf , p n ) be a (smooth or analytic) unitary representation of (G, g). 
For every v,w G Jt?°° the function 

tp V)W : S ->■ C, (p VjW (g,D) := (ir(g)p n (D)v, w) 

is called the matrix coefficient of the vectors v, w. 

Proposition 6.9. Let (G, q) be a Harish-Chandra pair such that q is a Frechet-Lie superal- 
gebra. 

(i) Let (it , p w , r J%?) be a smooth unitary representation of (G,q) and v,w G J4?°° be ho- 
mogeneous vectors such that \v\ = \w\. Then there exists an even f G C°°(G, q) such 
that f = <f VtW . 

(ii) Assume that (G, g) is an analytic Harish-Chandra pair. Let (tr , p w , be an analytic 
unitary representation of (G,q) and v,w G J^f u be homogeneous vectors such that 
\v\ = \w\. Then there exists an even f G C UJ (G, q) such that f = ip V)W . 

Proof, (i) It is fairly straightforward to check that the map 

/ : U(qc) -> C°°(G,C) , f{D){g) := <p V)V ,(g,D) 
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is in Hom g _ (U(gc), C°°(G, C)). To complete the proof, we need to show that for every n > 
the map 

^^"xG-^C, (p n)V)W (xi,...,x n ,g) := (ir(g)p 7T (xi---x n )v,w) (6.6) 
is smooth. Note that tpn,v,w O^i j • • • 

g) = {p n {x\ • ■ • x n )v, 7r(<7 By Lemma [6.21 the 

n-linear map (x\, . . . , x n ) \-t p K {x\ ■ ■ ■ x n )v is continuous, hence smooth. Since w G J4?°°, the 
map g \— > Tt{g~ 1 )w is smooth. Therefore the map (|6.6p is also smooth. 

(ii) The proof is similar to (i), as a continuous multilinear map is analytic. □ 

In Theorem 16.161 we prove a converse for Proposition 16.91 

Remark 6.10. Assume g- = {0}. Then the condition of Definition 16.71 a priori seems to be 
stronger than the condition which is classically used to define positive definite functions on a 
Lie group: classically, a map / : G — > C is called positive definite if 

CiCj f (gigj 1 ) > for n > 1, gi, . . . ,g n G G, and ci, . . . , c n G C. 

l<i,j<n 

However, for smooth maps / : G — > C, the classical definition and Definition 16 . 71 are equivalent. 
In fact, if / G C°°(G, C) is positive definite in the classical sense, then by the GNS construction 
[NcOO, III. 1.22] we have f(g) = {ir(g)v,v) for some unitary representation (tt, Ji?) of G. Since 
/ is smooth, from [NelOt Thm 7.2] it follows that v G J$?°°, and therefore the map 

S^C , (g,D) ^ (Tr(g)p*(D)v,v) 

is well-defined. It is easy to check that the latter map is positive definite in the sense of 
Definition 16.71 

6.6. The reproducing kernel Hilbert space. To every smooth unitary representation 
(tt,/) 71 ', J^ 7 ) of (G, q) we can associate a representation p n of the monoid S as follows: 

^ : S -> End(^°°) , p*(g,D) := Tr{g)p w (D) for every (g,D) G S. (6.7) 

Observe that (p^jJif 00 ) is a * -representation, i.e., (p n (s)v,w) = (v, p 7T (s*)w) for every s £ S 
and every v,w G J$?°°. It is easy to check that for every v G Jtf 00 the matrix coefficient <p vv 
is positive definite. 

Conversely, one can associate a ^representation of S to a positive definite function ip : S — > C 
as follows. Set 

% := Span c {(^ : s G S} C C S (6.8) 

where (p s : S — > C is defined by <p s (t) := ip(ts). Observe that & v has a pre-Hilbert space 
structure given by 

(tp a ,<Pt) ■= <f{t*s). 

Set K(s,t) := ip(st*) and define K s : S — > C by i^ s (t) := K(t,s) = ip s *(t). The completion 
of fiL is a reproducing kernel Hilbert space with kernel K(s,t). In other words, one can 
identify JC, with a space of complex valued functions on S such that 

h(s) = (h,K s ) for every h G J^, and every s G S. (6-9) 

The monoid S acts on S> v by right translation, yielding a ^representation (p^,^) of S. 
More precisely, 

(J\p{s)if) (t) = tp(ts) for every s,t G S and every ^ G S^,. 

Remark 6.11. If an element s G S satisfies ss* = s*s = Is, then : ^ — > ^ is 

an isometry and therefore extends to an isometry p^,(s) : J^, — >■ yielding a unitary 
representation of the abstract group {s G S : ss* = s*s = Is}. 
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6.7. Cyclic representations and the GNS construction. Our next goal is to prove The- 
orem 16.161 below, which is the analogue of the GNS construction for Lie supergroups. 

Definition 6.12. A smooth (resp. analytic) unitary representation (ir , p* , Jt?) is called cyclic 
if there exists a vector v a G (resp. v Q G ,3^ ) such that the set 

Span c {7r(5f)p 7r (Z))t>o : g G G and D G U(g c )} 
is dense in Jff. The vector v is called a cyclic vector of (tt , p* , Jf?) . 

Remark 6.13. To indicate that a unitary representation (n , p n , r J%?) is cyclic with a cyclic 
vector v , we write (ir, p n , J$? , v a ). 

Definition 6.14. We say a Lie group G has the Trotter property if for every x,y G Lie(G) 
the equality 

e*^ = lim (eH^)" 
holds in the sense of uniform convergence on compact subsets of M. 

Example 6.15. We now mention some examples of Lie supergroups Q for which Q^ has the 
Trotter property. Proofs are given in |NeSal2j . 

(i) Every locally exponential Lie group (and in particular every Banach-Lie group) has 
the Trotter property. Therefore if Q is a Lie supergroup modeled on a Z^-graded 
Banach space, then Q^ has the Trotter property. 

(ii) From (i) it follows that if M is a compact smooth manifold and K is a finite dimen- 
sional Lie group, then the mapping group C°°(M, K) and its central extensions have 
the Trotter property. These Lie groups appear as Q\ Q of mapping Lie supergroups 
Q := C°°(M,K), where M is a compact manifold and K is a finite-dimensional Lie 
supergroup, or mapping Lie supergroups Q := C°° (Ai , K) , where M. is a compact 
supermanifold and K is a finite-dimensional Lie group. 

(hi) If M is a compact smooth manifold then the group Diff (M) of smooth diffeomorphisms 
of M and its central extensions have the Trotter property. This implies that if Q is 
the Lie supergroup of smooth diffeomorphisms of certain compact supermanifolds, 
such as the supercircle then Q\ has the Trotter property. We expect the latter 
statement to hold for other classes of compact supermanifolds. 

Theorem 6.16. Let (G, g) be a Harish- Chandra pair such that q is a Frechet-Lie superalgebra 
and G has the Trotter property. Let f G C°°(G, g) be positive definite. 

(i) There exists a cyclic smooth unitary representation (it, p T , Jif ,v ) of (G,g) such that 

f = VvotVo ■ 

(ii) Let (a, p a , ,w a ) be another cyclic smooth unitary representation of(G,g) such that 
f = (Pw ,w - Then (tt , p T , Jf?) and (a,p a ,J(f) are unitarily equivalent via an inter- 
twining operator 

T:(a,p ff ,jr)^(vr,^,jr) 

which maps w to v Q . 
(in) Assume that (G, g) is an analytic Harish- Chandra pair and the map 

G^C, g^f(l u{gc) )(g) 

is analytic. Then the representation (n , J^f , p n , v a ) obtained in (i) is an analytic rep- 
resentation of (G, g) . 
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Proof, (i) Set ip := /. Let Jif := Jtf^ be the Hilbert completion of @ v defined in (|6,8p . and 
v a := ip £ Jif. For every s := (g, D) G S = G x U (g) we have 

<Pv ,V (s) = (<Ps,<P) = = f(s). 

By Remark I6.1H if g G G then p^(<?, l[/( flc )) extends to an isometry of J%p. Setting n(g) := 
P<P\9-> If/fee)) we obtain a representation ir of G on ^ by unitary operators. 

Our next goal is to prove that (tt, is a smooth unitary representation of G and ^ C 
where Jf? 00 is the subspace of smooth vectors of (ir,^). By [NelOj Theorem 7.2] it 
suffices to prove that for every s G S the map 

G^C , g^ (ir(g)<p s ,<p s ) (6.10) 

is smooth. Fix s = (g , D a ) G S and let g := (g, lf/(g c )) G S for every g G G. Note that 

(Tr(g)ip s ,ip s ) = (tpgs,tp s ) = <p{s*gs) = /{(g^g^go ■ D*)D ) {g^ggo) 

and therefore smoothness of (|6,10p follows from smoothness of the map (|5.5p . 

Next we prove that if x G gjj and v G ^ then d7r(x)u = p^p(lG,x)v. It suffices to 
take v = ip s for some s := (g ,D ) G S. Let s' := (g,D) G S. Then ip s (s') = (f(s's) = 
/((g^ 1 • D)D )(gg ). Lemma HTBl implies that tp s = h for some h G G°°(G,g). From (16.9P and 
Lemma 16.51 it follows that 

(dir(x)^ s )(s') = (dir(x)h,K s A = (lim -(ir(e tx )h - h), K a >) 
' t-+o t 

= \\m-(n(e tx )h - h,K s ,) = lim - (h(ge tx , e~ tx ■ D) - h(g,D)) 
t^-o t t->o t 

= h(g,Dx) = ip s {g,Dx) = (p s ((g,D)(l G ,x)) = (p^,(l G ,x)<p s )(s'). 

Finally, to complete the proof of existence of (ir, p n ,Jif, v ) set p® v (x) := /3^(lc, x) for every 
x G 0. From linearity of f s (g, D) in D it follows directly that the ^-grading of U (g<c) induces 
a ^-grading on (and hence on JtfL) and the actions of G and g are compatible with the 
Z2~grading. From [MNS121 Lem. 2.2(a)] it follows that for every x G £|q , the operator p®v(x) 
is essentially skew-adjoint. Consequently, the 4-tuple (tt, J$? , & (p , p &v ) is a pre-representation 
of (g, G) in the sense of |NeSal2. Def. 6.4]. Therefore the existence of (ir, p w ,Jf?) follows from 
|NeSal2} Thm 6.13]. 

(ii) In principle, the proof is similar to the standard uniqueness proofs of the GNS con- 
struction (e.g., see |Ne00| Thm III.1.22]). Nevertheless, |Ne00| Thm III.1.22] is not directly 
applicable because for example the representation of the semigroup S is not bounded. The 
new technical issues that arise in the super context will be addressed below. 

Let J^f°° (resp., J^°°) denote the set of smooth vectors of (ir,J^f) (resp., (a, Jf)). As in 
(IfTTjl we obtain ^representations (p^Jf 00 ) and (p^,Jt°°) of S. Set 



Qi Vo := Span c {/9 7r (s)u : s G S} and 3 Wa := Span c {p a (s)w : s G S}. 

Define a C-linear map T : S> Wa — > 2t Vo by 

Tp u (s)w ■= p 7T (s)v for all s G S. 

It is straightforward to check that T is well-defined and extends to an isometry T : — > '. 
From the definition of T it follows that 

Tp a (s)u = p n (s)Tu for every u G @ Wo and every s G S. (6-11) 

Since S> Wo is dense in , from (|6.11l) it follows that 

To~(g)u = ir(g)Tu for every u G and every g G G. 
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Consequently, TJ(f°° = Next we prove that 

Tp a (x)u = p 7T (x)Tu for every u G J^°° and every x G g. 
It suffices to prove the latter statement for x G Qj . Set 

P x : = e - E tp n (x), P 2 := e^T^O^T- 1 and J&f := T^ = 

The linear operators Pi and P 2 are symmetric with common domain such that 

Pi 



= P 2 

J? 



Since Jzf is G-invariant, from [ MNS12} Lem. 2.2(a)] it follows that (Pi is essentially 

self-adjoint, and therefore by |MNS12| Lem. 2.4] the operator Pi is essentially self-adjoint. 

Consequently, by |MNS12j Lem. 2.5] we have Pi = P 2 . 

(iii) Let (ir,p w ,Ji?) be the smooth unitary representation obtained in (i). By [NeSal2, Thm 
6.13(b)] it is enough to show that % C Since {ir(g)(p,(p) = /0-t/( Oc ))(>), from [NeTTl 

Thm 5.2] it follows that 92 G .3%"^ . From Lemma 16.31 it follows that p v {D Q )(p G for every 
D G U(qc). Finally, for every s := (g Ql D ) G S we have 

= fy(s)(p = p^(g , lj7( gc ))^(lG, A>)</> = ■n(g )p K {D )ip G w 
because is G-invariant. □ 

The next corollary, which is of independent interest, is in a sense an automatic analyticity 
criterion for smooth superfunctions in odd directions. 

Corollary 6.17. Let Q be an analytic Lie supergroup modeled on a ^-graded Frechet space 
and (G,q) be the Harish- Chandra pair associated to Q. Let f G C°°(G,q) be positive definite. 
If Assume that G has the Trotter property. If f(l ufyQc) ) G C U (G,C) then f G C"{G,q). 

Proof. From Theorem I6.16f iii) it follows that / = ip vv , where v is an analytic vector. Thus, 
by Proposition E3 we have f eC u {G,g). □ 

7. A CHARACTERISATION OF INTEGRABLE LINEAR FUNCTION ALS 

Let (G,q) be an analytic Harish-Chandra pair such that G is 1-connected (that is, con- 
nected and simply connected) . In this section we give a characterisation of C-linear functionals 
A : U (qc) C which are integrable in the sense that there exists an analytic unitary represen- 
tation (ir,p' K ,M ? ) of (G,g) such that X(D) = (p n (D)v,v) for some v G 34f u . For Lie groups, 
this question is addressed in detail in [NelH Sec. 6]. 

7.1. Weak and strong analyticity of linear functionals. We begin by defining the notion 
of analyticity of a linear functional on U(qc)- 

Definition 7.1. Let A : U(qc) — > C be a C-linear map. We say A is even if \(D) = for 
every D G U(qc)t- We say A is positive if A is even and X(D*D) > for every D G U(qc), 
where D i-> D* is the map given in (|6.4p . We say A is continuous if for every n > the map 

Q n -> C , (xi, . . . , x n ) H> A(xi ■■■!„) 

is continuous. A continuous C-linear map A : U{qc) — > C is called weakly analytic if for every 
D\,D2 G U(qc) there exists a 0-neighborhood UD lt D 2 ^ 0c := 00 such that the series 



00 

£-|A(Di*«D 2 ) 



n! 

n=0 
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converges for every x £ Udi,d 2 - A continuous C-linear map A : ?7(flc) — > C is called strongly 
analytic if there exists a O-neighborhood [/Cg C p such that the series 

oo 1 
n=0 

converges for every D\,D 2 £ £7 (0c) and every x £ U. 

7.2. Characterisations of integrability. We recall the definition of a BCH-Lie group. 

Definition 7.2. An analytic Lie group G is called a BCH-Lie group if the exponential map 
is an analytic diffeomorphism in an open O-neighborhood. 

Every Banach-Lie group is a BCH Lie group. For a detailed study and several interesting 
examples of BCH-Lie groups see [G102J and |Ne061 Sec. IV]. 

Theorem 7.3. Let (G,g) be an analytic Harish- Chandra pair such that g is a Frechet-Lie 
superalgebra and G is a 1-connected BCH-Lie group. Let 

A : U(g c ) -> C 

be a C-linear map. The following statements are equivalent. 

(i) A is positive and strongly analytic. 

(ii) There exists an analytic unitary representation (tt, p^^Jft?) of (G,g) and a homoge- 
neous vector v £ ffl^ such that X(D) = (p w (D)v,v) for every D £ U(gc). 

Proof. (i)=^(ii): Let U(gc)* denote the algebraic dual of J7(flc) an d 

p : g c -> End c (C/(flc)*) , {p{x)p){D) := p(Dx) for every D £ U(g c ) 

be the right regular representation of gc on U(gc)*- Set &i\ := p{U(gc))X. We denote the 
restriction of p to S>\ by (p\, *3>\). We endow S>\ with a pre-Hilbert structure as follows: 

( Px (D 1 )X,p x (D 2 )X) := X(D^D{) for every D U D 2 £ U{g c ). 

It is easily checked that (p x (D)pi, p 2 ) = (fJ>i, P\{D*)p 2 ) for every p\,p 2 G i-e., (p\,@\) 
is a ^representation. Since A is even, the Z2~grading of U(gc) induces a Z2~grading on S> x 
with perpendicular homogeneous components. The rest of the proof is given in the following 
four steps: 

Step 1. Since A is continuous, (p x , £? x ) is a strongly continuous representation of gg, i.e., 
for every p £ S# x the map 

So ->■ S>\ , 14 /0 A (»))U 

is continuous. 

Step 2. We claim that is equianalytic in the sense of [Nell} Def. 6.4], that is, there 
exists a O-neighborhood V C 0q such that for every p £ 3> x the series 

oo 1 

£^IIpa(*) b HI 

n=0 

converges for all x £ V. Let f/Cgj be a O-neighborhood such that the series 

oo 

converges for every Di,D 2 £ U(gc) and every x £ U. Assume that p = p x (D Q )X for some 
D £ U(g c ). Then 

\\px(x) n p\\ 2 = (p x (x n D )X, Px (x n D )X) = \X(D* x 2n D )\. 
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Set V = \\J :={a^£0o : r ^ G t/} where r > 2. If x £ V then by the Cauchy-Schwarz 
inequality 



oo 1 oo 1 

n=0 n=0 



1 1 

2 / oo / \ | \ 2 



Step 3. By [Nell, Thm 6.8] there exists a unitary representation (7r\, Jtf\) of G, where r Jtf?\ 
is the completion of 3>\, such that d-7r^(x) = p\(x) for every i G gn. 

Step 4. From the previous steps and [MNS12, Lem. 2.2(b)] it follows that (tt\, J%\, 3>\, p\) 
is a pre-representation of (G, g). By [NeSal2, Thm 6.13(b)], the latter pre-representation 
corresponds to an analytic unitary representation of (G, g). 

(ii)=^(i): To check that A is positive is routine. Next we prove that A is strongly analytic. 
Let P denote the set of seminorms that define the topology of g c q . For every p £ P and every 
r > we set 

U p ,r ■= {x G g Cj o : P{x) < r} 

and 



°° 1 ) 

: — d7r(x) n u; converges for every x £ f7 Pj7 . > 

n=o n ' J 



Choose p G P and r Q > such that the restriction of the exponential map of G to U Po)ro n gQ 
is an analytic diffeomorphism, the Baker-Campbell-Hausdorff product defines an analytic 
function U PotTo x U p ^ ro -)• g C Q, and the map 

So x B > fotf) ^ Ad(e x )(y) 
extends to a complex analytic map 

U Po ,r x g c -> gc- (7.1) 

If p £ P then we write p > p if r ^= r f° r some (equivalently, every) r > 0. The rest of 
the proof is given in the following four steps: 

Step 5. Let p > p Q , < r < r a , and v G Jf°°. Then v G JT^' 7 * if and only if the orbit 
map 

go i-)- Jf 7 , x i-)- 7r(e x )*y 

extends to an analytic function on U pr . The proof of the latter statement is similar to the 
proof of [MNS12, Lem. 3.3]. (Here the main point is that U p>r is a balanced 0- neighborhood.) 
Step 6. Let p > p , < r < r a , v G M^^ r and o£g 5 . Then 



oo 

E — d7r(x) n t; G for every x G f7 Pif . 

n=0 n ' 

and the map 

u a : f7 pr -)■ , u a {x) := d7r(a) ( E — dir(x) n v J 

\n=0 n ' / 

is an analytic function. The latter statement is an extension of [MNS12( Lem. 3.4] to Frechet- 
Lie groups. The proof of [MNS12, Lem. 3.4] is still valid because we are assuming that the 
BCH product formula locally defines an analytic function. 

Step 7. If < r < r Q and p > p Q , then J4? UJ ' P ' V is gc~invariant. The latter statement is an 
extension of [MNS12, Prop. 4.9] and its proof is an adaptation of the proof of [MNS12, Prop. 
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4.9]. For the reader's convenience we briefly explain the necessary modifications. Instead of 
[MNS12j Lem. 3.3] and [MNS12, Lem 3.4] one uses Steps 5-6 above. In order to prove that 
the map given in |MNS12| Eq. (30)] is analytic, one can substitute the norm estimates given 
in |MNS12j by the analyticity of the map (fTTTj) . 

Step 8. Choose < r < r D and p > p such that v G J^f LU ' p ' r . By gc-invariance of J?j? u ''P> r 
the series 



Y^-y{x) n p*{D 2 )v 

t*o nl 

converges for every x G U p ^ r and every D 2 G U(qc). Therefore the series 

oo _. oo 1 

^2—\X(D 1 x n D 2 )\ = S £ j —\{p 1T (x) n p 1T {D 2 )v,p 1T {D* l )v)\ 

n=0 n=0 

converges for every D\,D 2 G U(qc) and every x G U Pt r.. □ 

Corollary 7.4. Let (G,q) be an analytic Harish- Chandra pair such that g is a Banach-Lie 
superalgebra and G is 1-connected. Let A : U(qc) — > C be a C-linear map. The following 
statements are equivalent. 

(i) A is positive and weakly analytic. 

(ii) A is positive and strongly analytic. 

(hi) There exists an analytic unitary representation (Tr,p 7T ,J^f) of (G,q) and a homoge- 
neous vector v G such that X(D) = {p w (D)v,v) for every D G U(qc)- 

Proof. (iii)=^(ii) follows from Theorem 17.31 and (ii)=^(i) is trivial. For (i)=^(iii) the proof of 
Theorem 17.31 still remains valid, because for Banach-Lie groups the conclusion of [Nell I Thm 
6.8] remains true without assuming equianalyticity. □ 
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